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Construction of the hyperspherical functions for the quantum
mechanics of three particles
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Abstract. A solution of the differential equation for the grand angular momentum in
hyperspherical coordinates is given by simple algebraic means avoiding complicated recur-
rence formulae.

1. Introduction

In recent years, a new approach has been made to the quantum mechanical three-body
problem, using hyperspherical functions which form simultaneously a representation of
the groups of three-dimensional space rotations and of the permutations of three
particles. Some of the authors who have tried to carry through this general idea have
emphasized its group theoretical side, and some have tried to solve explicitly the
Schrédinger equation for the special case of three free particles.

Dragt (1965) and Simonov (1966) laid the foundations to the group theoretical
approach of constructing the hyperspherical functions which constitute a complete
orthogonal set on the unit sphere in six-dimensional space. Their results, however,
valuable for the principal understanding of the problem, turned out to be rather tedious
for practical use, even for small values of angular momentum J. On the other hand,
Zickendraht (1965) started from the Schrédinger equation and found functions up to
total angular momentum J = 2, but the coordinates used are unusual in the theory of
hyperspherical functions. Whitten and Smith (1968) started from the same point of
view but their method becomes very cumbersome even for small values of grand angular
momentum K (where J < K). Hyperspherical functions are given up to K = 4 but no
generalization has been obtained for higher values of K or J.

In the present paper we also follow the way of directly solving the Schrodinger
equation of three free particles, making extensive use of the results of the authors quoted
above to whom we refer the reader for details. In §2 of this paper we introduce the
coordinates and the basic differential equation for the operator A2 of grand angular
momentum,

A?F = K(K +4)F (1)

in these coordinates, following from the Schrédinger equation. In § 3 the method will
be developed, for any given angular momentum J, to obtain the complete sef of linearly
independent solutions of (1). Since it will be necessary to distinguish between the cases
of J+K even or odd, and another quantum number v > 0 or v < 0, the method is
explained in detail only for J+ K even and v > 0; formulae for the ather cases are only
summarized in the appendix.
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Hyperspherical functions for three particles 1563
2. The hyperspherical coordinates

We shall use in position space of any three particles essentially the same coordinates
which Dragt (1965) has introduced in momentum space for three equal masses. Let
m; (i = 1,2,3) be the masses and r, the position vectors of the three particles; we then
define relative coordinates

Xy =r,—-n

myr,+myr,
X, =r3———————=
my +m;

_myry + myry +msry
m, +ms+my

R

Three external coordinates are defined by the Euler angles «, 8,y describing a rotation
from space-fixed axes in the centre of mass system into body-fixed axes y,,y, and y, x y,
which make the tensor of inertia diagonal. The convention of Euler angles and rotation
matrices Djy and di,y is the same as in Rose (1967). Thus the directions of y, and y,
coincide with the principal moments of inertia in the plane of the three particles. With
the three moments of inertia kept fixed, the vectors x, and x, in the body-fixed system
are connected with y, and y, by a so called kinematic rotation (Smith 1960)

xy =y, sinp—y, cos 3¢
X, =y, COS7Q+y,sin}g. (3)
In the plane of three particles in the body-fixed system we define three internal coordin-

ates. Two of them are connected with the moments of inertia. The hyperradius r is
defined by

urt = mr? +myri+myrl (4)
with
O9m,m,m;
(m, +my+my)*

)= (5)

r is connected with the moment of inertia with respect to an axis perpendicular to the
plane of the three particles

6,, = urt. (6)
The second internal coordinate i gives the other two momenta

6., = ur?sin? y

8,, = ur¥cos?y. (7)

The third coordinate is the angle ¢, which describes the different positions the three
particles can have once the three moments of inertia are fixed.

It is helpful to illustrate the three coordinates in the case of three equal particles.
Figure 1 shows that the hyperradius r is a measure of the spatial extension of the ellipse
on which the particles lie. For y = n/4 the ellipse becomes a circle and for Y =0 the
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Figure 1. Relative location of the three particles for three equal masses.

three particles lie on the x axis. For n/4 < ¢ < n/2 we also get an ellipse, and by inter-
changing the x and y axes, ie another set of Euler angles, we always have

0. <0, <80,,. ®)
The same argument holds for ¢ > 2, so that the ranges of definition for y and ¢ are

0y <m/é

0<o¢<2n 9)

In terms of the new coordinates we now get the position vectors #; in the space-fixed
system:

cosy  cos(zp+B)

. 172
po= 3B T 1y g lsing sinGe+B) |+ R (10)
M M
0
where
mm
M= , U .
my+my;+ms, Hik m; -+ m,

and 4 "o, B,7) = #(—7, — B, —a) is the matrix describing the coordinate rotation
(cf Rose 1967, p 65).
The angles f; are constants connected with the three masses,

mym, 1/2 '
= - >
cos ((mx+m2)(m2+m3)) ' sinfiy >0
mym, 12 (1)
= - 1 S
cos s ((m1+m2)(m1+m3)) k<0
Bs =0

For three identical particles we have

2
Bi=—8,= 7” (12)
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The transformation properties of the coordinates under permutations of the three
particles become very simple. It is obvious from the definitions that » and ¢ are invari-
ants, while ¢ transforms as

Ep = ¢

Ppo=—o

P30 = —p+in

P = —p—3n (13)
Co=0p+in

Clp = o—1#n.

Here E denotes the identity element, P;; a permutation of two particles and C the cyclic
permutation. The Euler angles remain unaltered under E, C and C? while under
exchanges of a pair they transform as

o4
PB)=|p-n] (14)

With these new coordinates the Hamiltonian for three free particles becomes—in the
centre of mass system—

11 éefri A2
= ——|—==|r=-—]. 15
Ho 2,ul:r5 é‘r(r E?r) rz] (15)
A? is the operator of grand angular momentum, its eigenvalues are K(K +4), where K

is an integer, so —A?/r? represents a generalized angular momentum barrier. The
calculation of A? is straightforward:

1 ¢ ¢ 4 3 &
A= - “lsinay | ——2 (2 L
sin 4y a;y(sm ‘paqz) c0522w(6¢2+6y2)
4sin2y ¢? 1, T, 1 5
cos? 2y do 6«/+sin2 l//j" t ost ‘/1]" oot ZWJZ'

(16)

Here j,, j, and j, are the angular momentum operators in the body-fixed coordinate
system which coincide with the principal moments of inertia. The operator A? is the
angular part of the six-dimensional Laplacian; it depends on five coordinates, its eigen-
functions are defined by

AZFKVJ‘Mu(d, ﬁ’ Vi, w) = K(K+ 4)FKYJM/1(a’ B’ Y : @, w) (17)

and can therefore be classified by five quantum numbers. They are simultaneous eigen-
functions of the following five operators:

(i) the grand angular momentum A2, with eigenvalues K(K +4)where K = 0, 1,2,...;

(i) the operator S = 2id/d¢ which is connected with permutations of the three
particles and has eigenvalues v = K, K—-2,..., —K+2, —K:

(iii) the square of angular momentum J2, with eigenvalues J(J + 1) where J < K ;

(iv) the space-fixed z component J, of angular momentum with eigenvalues
M=—-J —-J+1,...,.J-1,J;



1566 H Mayer

(v) an operator solving the degeneracy of the linearly independent solutions still
existing for given values of K, v, J and M. The set of thus orthogonalized functions is
distinguished by the quantum number y in (17).

These properties suggest the expression of F as the finite sum {{N| < J
FEMia, By, @, ¢) = ¢ '”“’Z Dygn(, B, 7)gh* (). (18)

Putting (18) in (17) we obtain a system of coupled differential equations for the functions
gn() belonging to each set of quantum numbers K, v, J, 4 and independent of M in
consequence of the Wigner—Eckart theorem:

1 d v+ N¥—2yNsin2y _J(J+1)—N?
|: sin 4y dy sin 4y l//) KK+ + cos? 2y + sin? 2y :| M)
2
= S (INIEIN =25y o)+ NN+ 28, o0
N=-J..,J (19)

We can state some general features of the system:

(i) in consequence of the Wigner—Eckart theorem the system is independent of M
and we will therefore leave it out;

(ii) the gX** for even and odd N are coupled separately and only one system has a
non-trivial solution for given K, v and J;

(111) it can easily be seen that

gn M) = g

for v # 0, so that we have to solve (19) only for v = 0;

(tv) for J = 2 and given K, v and J there can be more than one independent solution
of (19). For practical purposes one must orthogonalize these functions and they are
then labelled by the quantum number p.

Whitten and Smith (1968) have shown that a solution of (19) can be written in the
form

gy ) = Z B d,snthn—29). (20

The system of linear equations holding for the coefficients 8, however, turns out to be so
cumbersome that its solution seems rather difficult, except in the simplest cases.

3. Solution of the differential equations

In order to solve the system (19) we therefore have chosen another decomposition of the
functions gy,

(K=v)/2
K»Ju '1/) (v N)/Z(l +x)(v+N)/4(1 _ )(v Ny/4 Z df(K, v, J, 'u)xk (21)
k=0
with x = sin 2y, ie g(y) is equal to di}, y(37— 2¢) times a polynomial in sin 2y, which
has the degree (k — v)/2. Therefore equation (21) is valid only for v > J. For N running
from —J to +J there would occur for v < J d-functions with lower indices greater than
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the upper index. Therefore one has to modify the ansatz (21) for |[N| > v. If we choose
for N>v2=20

(K~N)/2
gﬁ”“(lﬂ) = (_ 1)(v—N)/2(1 +x)(N+v)/4(1 _x)(N—v)/4 Z d};:](K, v, J, #)xk (22)
k=0
and for —N>v =0
) (K= |Npy2
gEH() = (= 1) V(1 4 x) AN IV s N Ny ) (23)
k=0

with x = sin 2y, the system of equations for the unknown coefficients a} is very similar
to that one for v < J and is solved in the same way, perhaps with slight modifications.

Putting (21) in (19) we easily find a system of linear equations for the unknown
coefficients af for every set K, v, J, u henceforward omitted :

(K2—4JJ+1)—Noad + Dol "2+ D_af "2+ [N(k—1)+4NJo}_ | =D af "}

+D_al 2+ [(K+v)2+kI[(K—v)2—k+2]oel_, =0 (24)
with 0 < k < (K—v)/2,

_=d =42, 02T for J+ K even

T =J+1, —J+3,...,0=-3,J—1 for J+ K odd

and
D, = {{IN|AIINF2).

In the system (24) the number of non-trivial equations exceeds that of unknown co-
efficients by J for odd, and by J +1 for even J + K. We should therefore expect that no
solution exists at all. We shall see, however, by closer inspection that even several
solutions will exist for a given set of values K, v, J distinguished by the superscript p
in (21).

In the following we confine ourselves to even values of J + K (giving results for odd
J + K in the appendix). We then collect each set of o’s for different N’s in a vector

of = (a2 a7 ) (25)
where k = 0, 1,...,(K—v)/2. The system (3.2) thus can be written in matrix form,
A+ By 0y +C 05 =0, k=0,1,...,(K—v)2. (26)
A, and B, are tridiagonal matrices, the Nth row of 4, is
0,...,0,3<IN|AIIN = 2>, k2 —4{J(J + 1) = N2}, ICIN|j2|UN +2),0,...,0), (27)

the same row of B, is
0,...,0, —=3<IN|AIIN =25, (k+ 3N, i<IN|AIIN+2),0,...,0).  (28)

C, is the (J + 1)-dimensional unit matrix multiplied by [(K + v)/2+ 2+ k] [(K — v)/2 — k].
The key to the solution of (26) is the following,

Theorem |

(i) The symmetric matrices A,,k = 0,1,...,J have eigenvectors a, to the eigenvalue
Zero, ie

Aa, =0, k=01,...,J. (29)
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(i) These vectors a, form an orthogonal basis in the space of (J + 1)-dimensional vectors,

ie
(a,,a,) =0 n#m,
and each o, is a linear combination of the a;.

The rather complicated proof of the existence of the eigenvectors @, will be omitted. It
has, however, been given rigorously (Mayer 1974). That the vectors a, form a basis is
easily seen, since from (27) there follows

Ak = 1k2+A0 (30)
and therefore
Aoak= —kzak’ k=0’1,__.“]_ (31)

Since A, is a real symmetric matrix, its J + 1 eigenvectors @, must form an orthogonal
set.
The a, can be expressed in terms of a, which has the components

L]

° T 2\ +N)2J\(J-N)2 '

We then have
a, = Na,
a; = [~4/(J +1)+ N]a, (32)
a,., = Na,—3[J(J+1)~ktk—D)]a,_,, 2<ksJ-1

Here N is the diagonal matrix with the elements
—J,=J+2,...,J=-2,J.

Application of the B matrices (3.6) yields the relations

Boay =0
B,a, = J(J+1)a, (33)
B, = k[J(J+1)—k(k—Dla,_,, 2<k<J
and
Ba, = la,
Ba, = (I-Da, +3(1+ 1)J(J + L)a,
Ba, = (I—-ka,, , +3(+K)[JJ+1)—kk—1)a,_,, 2<k<J (34)
1=01,2,....

Knowing the basis vectors a, and A,a,, Ba,, we can expand the solution vectors &, into
linear combinations of the a,:

J
o = ) oka,. (35
p=0
The first equation of the system (26) is
Ago = 0, (36)
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hence from (31), &, = 63a, so that ¢J is not determined by this equation. Since Bya, = 0
we have from (26)

Ao+ Byao = 0. (37)

There follows A,a, = 0 or, from (35),
J
Z O'(l)Alap = 0
p=0
From (30) we have, on the other hand,

Asa, = (1-pa,

which for p = 1 vanishes. Hence the coefficient o] cannot yet be determined.
It is easily seen by induction that the following theorem holds here.

Theorem 2
The vector a,, 0 < k < (K—v)/2 is
M
(i) a, = Y ob,a,, k even
=0 (38)
M
(i) % = Zo 6§p+1a29+1 k odd
o=

with M, = min{[k/2], [J/2]}, where the symbol [x] means the largest integer less than
or equal to x.
As A.a, = Oand B,_,a,_, < a,_,, we have with (34) that the equation

Akak+Bk—1ak—l+Ck-2ak—2=0’ k=0,1,...,J

does not determine the coefficient of ofa,. The unknown coefficients are now the o%. For
these coefficients we get a system of linear equations by putting (38) into (26) and using
the properties (32-34), where the number of equations is now less than the number of
coefficients. The difference N,(K, v) between the number of unknown coefficients and
the number of equations determining the a’; depends on K and J:

NyK,v) =[P(K—J+2))2]-[P(K—v)2—-J+1)2]-[PUK +v)/2—-J + 1)/2] (39)

with P(x) = $(x +1x|) and [x] as in theorem 2. We shall not give here in detail the system
of linear equations for the ¢%: this can easily be done. But we must keep in mind that
N,(K, v) is the number of linearly independent solutions of (2.8), and we will get these
different solutions in a very natural manner by solving the system of linear equations
for the a’;. We still remark that (39) is in accordance with the result of Racah (1949), who
has studied how many times an irreducible representation D(J) of SO(3) appears in the
decomposition of an irreducible representation (4,, 4;) of SU(3).

4. Parity and symmetry properties of the hyperspherical functions

A reflection of the position vectors of three particles in the centre of mass system does
not change the internal coordinates r, y, ¢ and the two Euler angles «, 5, but the third
Euler angle y goes over into y+ 7, and therefore in a y-dependent D-function

Dyne, B,y +m) = (= 1)¥Dyynlt, B, 7). (40)
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Since (— 1)V is always equal to (—1)X, (equation (24)), the parity of the hyperspherical
functions FX"/M# is (—1)X.

If we interchange the identical particles 1 and 2 then ¢ is changed to —¢ and the
three Euler angles transform as in equation (14). The coordinates r and Y remain
unaltered. From the definition of the FX*M* in (18) and the transformation properties
of D-functions we have

PleKvJMu - (—I)JFKV'IMM. (41)
Thus by defining

FliMJMu = FK|v|JMu+FK—|v|JMu

we get eigenfunctions of P,, which are symmetric (+) or antisymmetric (—) for even J
and vice versa for odd J:

FKIVUMN 1 0 FIiIvl.lMu
P“(F’Elvl““) =(— 1)1(0 . (F’E'“'“’“ . (42)
For three equal particles one has to take into account (13) and (14). Since we have
already studied the transformation properties under P, it is sufficient to do the same
for the cyclic permutation C; all other group elements can be obtained by multiplication.
The result for the F . and F _ is:
(F'i'““”“) _ ( cos3nlv]  —isin %ﬂlvl)(F'i'””M“). 43)

FXIMWMu —isinnlv] cosim|v| ||FKMu

The characteristic angle 4n makes it necessary to distinguish between the several
possible values of v. For |v| =3n,n=0,1,2,..., C becomes the identity matrix and
F, and F_ are transformed separately corresponding to the two different one-dimen-
sional irreducible representations of S,, the group of permutations of three particles.

For |y| = 3n+1, we have
iy ~1./3
Cc= ( oY ) (44)

and therefore we get a two-dimensional irreducible representation of S;. For |v| = 3n+2,

1 1s
(2t ).
73 -1

C belongs to another two-dimensional representation of S;, which is equivalent to that
one obtained for |[v| = 3n+1. We thus have obtained functions FX"WM4 which are
simultaneously eigenfunctions of the total angular momentum J and its projection J,
and the group of transformations of three particles. Thus for problems with identical
particles functions are available with defined behaviour with respect to exchange of
identical particles.

In this work we have studied the solutions of the angular part of the Hamiltonian for
three free particles. In general the potential between three particles will depend on all
three internal variables r, i, ¢ but never on the Euler angles «, 8, 7. The solution ¥ of the
Schrédinger equation

(Ho+Vir, o, y))¥ = E¥ (46)
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can therefore be expanded into a series of hyperspherical functions for given J and M :

W =Y Gy, r)FKMMe, @7)

Kvu

For the functions Gy, ,(r) one obtains a system of differential equations

[hz(dz 5d K(K+4)

ZP IS B )+Ej|wa(") = Z CKvu VIK'YV Gy 1) (48)

K

Calculations have been performed using equation (48) by several authors (Zickendraht
1965, Simonov and Badalyan 1967, Tartakovskii and Kozlovskii 1973) for total angular
momentum J = 0. Using the results of this work one can perform calculations for
arbitrary J.
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Appendix

A.l. Method of solution for J+ K odd
For J+K odd,ie N = —J+1, —=J+3,...J-3, J~1, we define in analogy with (25)
J-dimensional vectors

1 -J+3

Lot a3, k=0,1,...,(K-v)2. (A1)

The system (24) takes the same form as (26), the only difference being that the matrices
and vectors are J-dimensional. The analogue of theorem 1 is the following theorem.

al‘z — (dk—l+

Theorem 3
(i) The symmetric matrices A,,k = 1,2,...,J have eigenvectors a, to the eigenvalue
zero, ie

A, =0, k=12...,J. (A.2)
{ii) The vectors a;, k = 1,...,J form an orthogonal basis in the space of J-dimensional
vectors.

The eigenvectors a, have the following properties (a, = 01):

J+N \[ J=N |2
(@ a = 21[((J+N)/2)((J—N)/2)]

a, = Na, (A3)
@y = Nay—3[J(J+1)—k(k—1)la,_, 2<k<gJ-1
Aa, = (>~ K)a, 1<k<J, 1=01,2,....
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(b) Bia, =0
(A.4)
By, = 3k[J(J+1)—klk—1)]a,_,, 2<k<J
(c) Ba, = (I-1)a,
Ba, = (I—kay,  +{+ R+ 1)—k(k—1)] @, (A.5)

2<k<, I=0,1,2,....

With these vectors the method of solving (24) is quite the same as in the case J + K even.
The relation (39) still holds for this case.

A.2. Solution for J = 0,1,2
According to the ansatz (21),

FEIME( By, @, 9) = e ™Y Dynlo, B, 7)EN"" (W) (A.6)
N

we give here the solutions g&*/#(y) for v = 0. In this section we put x = sin 2y. PP
are the well known Jacobi polynomials with the normalization P®#(1) = ("}%) as
given in Erdélyi et al (1953).

A21.J=0
This case is well known. (Simonov 1966, Zickendraht 1965))
g6"°y) = di¥, (4y) (A7)
and therefore K = 0,2,4,6,...,v= —K,—K+4,...,K—4,K.
A22. J=1
(i) K even, therefore v even and N = 0
g6" (W) = difv+2)£—(v—2)(4l//) (A.8)

K=246,..,v=—-K+2 —K+6,..., K—6, K-2.
(i) K odd. Here we determine, according to (32), the basis vectors 4, and a :

1 {1 1{-1
e IR ] *

The solutions g are
(a) (K—v)/2 even
N W) = (= DOV )0 TN =) MR PRI - 2x?)
+aYxP 5 R0 —2x2)]. (A.10)
(b) (K—v)/2 odd
g5 W) = (= 1) V(L4 x) M1 — x)0TMIGN PRL S 21 — 232

— a¥x[(K +v+4)/(K —v+2)]PLOT Y21 - 2x2)). (A.11)
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A23.J =2

(i) K odd, vodd, N = +1
Here we need the basis vectors a, and a,, according to (A.3):

3\ 1121 ST
“o (2) NI )
(@) (K—v)/2 even
g2y = (= 1)V 4 X)L —x)oNe

v XHK+v+6)

P(l (v+1)_/—2) 1_2 2y _
w1 =230 @ e e T

g ("‘ (K=
x PREGLA - zxZ)). (A.12)
{b) (K—v)/2 odd
gsz(l/I) — ( )(v—N)/2(1 _+_x)(v+N)/4(1 _x)(v—N)/4

2
N X PLO+TL2 g a¥ X
x(al(K—\’+2)/4 (K—v— 2)/4( ) 2(K—v+2)/4
x PRy —2x2)) : (A.13)

(i) K even, veven, N = —2,0,2
The basis vectors a,, a,, a, are:

v -3 v
a, =1 1 a, = 0 a, =4 -3/
Vi v vi
Now we must distinguish between the cases v = 0,iev < J,and v 2= 2,iev = J.

(@ v=20
(1) K/2 odd

G877 = (— 10— P2yl -2 - g
x P&Y) .-, (1 —2x2)) ) (A.14)
(2) K/2 even (two linearly independent solutions)
251 w) = (-1 — el -2 (419
gio22(y) = (V1 - )”/4[ ( PG ~2:) 4 2P (1 -2
+a§xzm{[(K/4)(K/4+ D+31PEE - 1(1-2x%)

AR/ DR za—zxﬂ. (A16)
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b v=2
(1) (K—v)/2 odd
gR2 W) = ()P V(1 4+ x) WAL —x)‘”'N’/“[agP}%X’f_*z‘}M(1—2x2)
4v+3) . K+v+6_,,
16 K— +2P§11<’—/v2)—2)/4(1 —2x2)—4x2mPf,2(‘_/V2f21)’/4_ (1 —2x2)
x* K+v+6
ay— 27y mpfﬁ’f/vzle))/4—1(1—2xz)]. (A.17)

(2) (K —v)/2 even (two linearly independent solutions)
g]vaz l(ll’) — (_ 1)(v—N)/2(1 + x)(v+N)/4(1 _ X)(v—N)/4
. K+v+4 .,
X (a’ng%_/vZ)’M(l - 2X2) + agxzmpzlz('_/vz))/“ - 1(1 b 2x2)) (A18)

g5v22(w) — (_ 1)(v—N)/2(1 + x)(v+N)/4(1 __x)(v—N)/4

2 1 2 N2 1,v/2+1 2

2 K+(K—=v)/2+2 K+v+8

| (2.v/2) 942 2HTVTO

+a) 6(1 PRI - 2+ 26
x PRY54Y (1 —2XZ)H. (A.19)
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